Abstract. Recent discovery of cancer stem cells in tumorigenic tissues has raised many questions about their nature, origin, function and their behavior in cell culture. Most of current experiments reporting a dynamics of cancer stem cell populations in culture show the eventual stability of the percentages of these cell populations in the whole population of cancer cells, independently of the starting conditions. In this paper we propose a mathematical model of cancer stem cell population behavior, based on specific features of cancer stem cell divisions and including, as a mathematical formalization of cell-cell communications, an underlying field concept. We compare the qualitative behavior of mathematical models of stem cells evolution, without and with an underlying signal. In absence of an underlying field, we propose a mathematical model described by a system of ordinary differential equations, while in presence of an underlying field it is described by a system of delay differential equations, by admitting a delayed signal originated by existing cells. Under realistic assumptions on the parameters, in both cases (ODE without underlying field, and DDE with underlying field) we show in particular the stability of percentages, provided that the delay is sufficiently small. Further, for the DDE case (in presence of an underlying field) we show the possible existence of, either damped or standing, oscillations in the cell populations, in agreement with some existing mathematical literature. The outcomes of the analysis may offer to experimentalists a tool for addressing the issue regarding the possible non-stem to stem cells transition, by determining conditions under which the stability of cancer stem cells population can be obtained only in the case in which such transition can occur. Further, the provided description of the variable corresponding to an underlying field may stimulate further experiments for elucidating the nature
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Introduction
According to their biological definition, stem cells are cells with two specific features -the ability to differentiate into all range of specialized cell types and the ability to renew themselves. There are two distinct types of mammalian stem cells: embryonic stem cells that are totipotent, e.g. having the possibility to differentiate into all specialized tissues of the developing organism, and the adult stem cells, which are multipotent, meaning the possibility to substitute specialized cells of the corresponding tissues, thus maintaining the normal turnover of it. The adult stem cells are found in adult tissues in specific stem cells niches, and their number within the corresponding tissue is generally very small (Watt & Hogan (2000) , Weinberg (2007) ).
The current concept about stem cells of adult organisms is that, unlike differentiated cells, they undergo asymmetric cell division producing only one stem cell (for renewing) and one differentiated cell with the features of the corresponding tissue. Generally speaking, the differentiated cell from first division is named progenitor cell, and also has some limited self-renewal potential; progenitor cells may go through several rounds of cell division before being terminally differentiated.
Recent discovery of cancer stem cells in tumorigenic tissues has raised plenty of debates about their nature, origin, possible connection with "normal stem cells" and even about the possibility to use this term (cancer stem cells), if its biological nature is not completely elucidated yet, and there is a possibility that they may have nothing in common with "normal stem cells".
The current conventional statement is that cancer stem cells (CSCs) constitute a subpopulation of cells within tumors that could actively drive tumor growth and recurrence (Reya et 2005)). Initially, cancer stem cells can be determined only operationally by their ability to seed new tumors, and, for this reason, they have also been termed "tumor-initiating cells" (Bao et al. (2006) ). However, for some cancer cell lines the specific cancer stem cell markers were reported, which allow biochemical determination of this population and its further analysis. This has led to recent identification of CSCs in hematopoietic, breast, colon, ovary, brain, pancreas, and prostate cancers (Ginestier & Wicha (2007) The very important observation made in works on several cancer cell lines is that the percentage of cancer stem cell population is maintained at the same level during several years of passages ( Figure 1 , blue curve). Another important observation is that when a cancer stem cell population is isolated, purified and maintained in culture, the percentage of stem cells rapidly decreased and finally stabilized at the initial level, characteristic for this given cell culture ( Figure 1, red curve) .
These experimental data raise two questions: do there exist "instructive signals" for maintaining this population behavior? If yes, what is the nature of this "instructive signals"? In our work we would like to address the first question and suggest some ways for its solution using mathematical modelling of cancer stem cells evolution. The suggested model is based on the main biological features of cancer stem cells behavior, supplemented by the description of cell-cell communication using the concept of an underlying field. We hope that next the results of mathematical modelling can enable experimentalists to design the proper search of the molecular mechanisms adequately solving the second question.
Various mathematical models have been recently proposed for describing the dynamics of stem cell populations (see e.g. Roeder et al. (2009) , Zhdanov (2007) , D 'Onofrio & Tomlison (2007) , and references therein), and some of them (see Michor et al. (2004) ), also consider cell-cell communication. However, these works do not address the question about cancer stem cell population stability, and suggest different approaches for the description of cell population dynamics.
The main assumptions
Our main goal is to create a mathematical model describing the phenomena of cancer stem cell population stabilization. Our first statement is that the evolution of the structure of a whole cell population (in our case, the population structure means just a percentage of stem cells in it) depends on the pattern of cell divisions, on the speed of cell divisions in both stem and non-stem cell populations, and on the rates of cell death. Our main assumption is the existence of an underlying field, carrying the information about the population structure and influencing the pattern and speed of cell divisions in the given conditions. Thus, there are two biological points which we considered as the main ones for building the mathematical model of cells population behavior:
1. The type of cell divisions.
The speed of cell divisions.
It is very important to mention that, with all differences in normal (non cancer) and cancer stem cells nature, and independently from the experimental methods of their investigation (mostly in vitro (in cell culture) for cancer stem cell and mostly in vivo for normal stem cells), the two main statements, which we consider as a basic ones for our modelling, are the same in both cases:
-as a rule, stem cells undergo asymmetric divisions with relatively slow rates, while non-stem cells undergo symmetric divisions with relatively quick rates.
-the main feature of stem cells population behavior is the tendency of maintaining the proper (very small) percentage of stem cells in the whole tissue (culture).
Thus it is clear that, though our main objective is the modeling of cancer cell population behavior, the main general idea of the model -the mathematical description of the main features of the "instructive signals" from the whole system (tissue or culture) to its cells for maintaining the proper population pattern -can be applied also to normal (non cancer) stem cells population behavior. In this cases "non-stem cells" in our model should be understood as differentiated cells of normal tissues. It is important to note, that in cancer tissues/cultures non-stem cells can not be named "differentiated", as carcinogenesis strongly influences the proper cell differentiation.
Considering the types of cell divisions, we can point out that, among several possible scenarios, the asymmetric cell divisions, providing self-renewing, is considered to be the main one. However, other possible scenarios of cancer stem cells division are not completely excluded (see Fig. 2 ) -the symmetric division giving rise to two identical daughter cells with stem cell properties; the symmetric division with two identical daughter cells with non-stem cell properties, and also the direct development of initial stem cell into non-stem one. All these scenarios are currently under hot discussion, as for normal, so for cancer stem cells. Non-stem (daughter) cells, as a rule undergo the symmetric division producing two identical daughter cells with non-stem cell properties. The question about other possible types of non-stem cell division, namely, the possibility for nonstem cancer cells to undergo under some specific conditions the process of non-stem to stem cell transition (analog of dedifferentiation for normal cell case), is one of the main open problems in current molecular biology (see Fig. 3 ). Considering the speed of cell divisions, it has been well documented that the speed of stem cells division are much slower than the speed of cell divisions of non-stem cells (see Fig. 4 ). The current theory for normal stem cells evolution is that stem cells remain undifferentiated due to environmental cues in their particular niche, and differentiate when they leave that niche or no longer receive corresponding signals (Whetton & Graham, 1999 cancer, but also for normal stem cells population behavior.
The Concept Model
We may then consider a mathematical model for the evolution of stem cells (S), and non-stem cells (D) populations. Based on the discussion above, we will consider that stem cells may divide either into two stem cells or into one stem cell and one non-stem cell, or into two non-stem cells, or into one non-stem cell (with a total rate λ 1 > 0), according to the following scheme (see Fig. 2 )
S =⇒ D with probability p 4 (2.4) Figure 4 : The speed of cell divisions.
such that
We assume here that non-stem cells may divide either into two non-stem cells or into one stem cell and one non-stem cell (with a rate λ 2 )
We have ignored the possible case 3 for non-stem cells as from Fig. 3 . Its inclusion in the model would only lead to additional mathematical technicalities.
Stem cells may die at a rate γ 1 , while non-stem cells may die at a rate γ 2 . We assume a time scale much larger than the typical cell cycle time and that cell populations are large enough to ignore randomness (Johnston et al. (2007) ). We may then assume a one point (in space) model with a continuous time evolution, just to specify the main ingredients of the model of evolution of stem cells (S) and non-stem cells (D).
As a consequence, to start with, the mathematical model that we propose is given by the following system of ordinary differential equations.
System (2.7),(2.8) is an homogeneous system of two linear ODE equations whose matrix of (constant) coefficients is
where
with β S ≥ 0, and β D ≥ 0.
For the time being we assume that β D > 0, and β S > 0; under this circumstance, matrix A has positive off-diagonal elements. Later the case q 2 = 0 will be analyzed in more detail.
Accordingly, an explicit solution of the ODE system (2.7), (2.8) is given by
(2.10)
where r i , i = 1, 2 are the eigenvalues of matrix A, and the coefficients C 1 , and C 2 are given by the initial conditions. More specifically r i , i = 1, 2 are the roots of the characteristic equation
, and the discriminant is ∆ = (T rA) 2 − 4DetA >0. Therefore the two eigenvalues of A are real; they are given by
In conclusion, the solution of (2.7), (2.8) is:
(2.12)
By remembering that r 2 = r 1 + √ ∆ it is easy to see that
and therefore that for all initial conditions we have
Since experimental data are expressed in terms of percentages of stem cells, as opposed to percentages of non-stem cells, with respect to the total number of cells 15) we are interested in the evolution of the fractions
at any time t ≥ 0. From the limit (2.14) it is trivial to derive the corresponding limit for s(t), as t → +∞.
Time evolution of s(t) = S(t) N (t) , and its asymptotic behavior
In terms of fractions s(t) and d(t), system (2.7), (2.8) can be rewritten in the following form
the above system is complemented by 19) subject to an initial condition
The differential equation (2.17) is a Riccati equation of the first type with constant coefficients, which can be explicitly solved (but we omit here its explicit solution). The main properties of system (2.17), (2.18) depend upon the function f :
We may notice that, if we assume
24)
. 25) which imply that for any initial condition s(0) ∈ [0, 1], the corresponding solution of (2.17) is such that s(t) ∈ (0, 1) for all t > 0.
The equilibria of the equation (2.17) are the roots of the algebraic equation
Because of (2.24), and (2.25), f must admit at least one zero within (0, 1), and because of the structure of the function f, there exists exactly a unique root s * ∈ (0, 1) of (2.26) such that
Of course no solution may cross the equilibrium s * . Finally we may state the following result.
is a globally asymptotically stable equilibrium for system (2.17) , (2.18 ); specifically
The global stability of the nontrivial equilibrium (s * , d * ) can be derived via a simple Lyapunov function; its value derives from (2.14).
From all previous discussion it follows that the positivity of s * ∈ (0, 1) is related to the positivity of P = q 2 λ 2 = β D , i.e. to the positivity of the probability q 2 that normal cells D may divide into a stem cell S and a non-stem cell D. If the probability of this elementary process is equal to zero, we see that also s * in Theorem 1 goes to zero. Therefore it becomes biologically interesting to see what happens when q 2 = 0, i.e. when it is not allowed non-stem cells to produce stem cells. However, before analyzing the case q 2 = 0 it can be useful to discuss more about the parameters.
2.1. A discussion about the parameters, and the case q 2 = 0.
Since the branching processes of non-stem cells (D) occur at a global rate faster than the ones of stem cells (S), it is reasonable to assume that λ 2 > λ 1 . Moreover, it seems reasonable to assume that the death rates γ 1 , and γ 2 are about the same for both stem and non-stem cells, i.e. γ 1 ≃ γ 2 . Finally we additionally assume that the total branching rate λ 2 of non-stem cells exceeds the related death rate γ 2 , i.e. λ 2 > γ 2 ≃ γ 1 . By summarizing we assume
The above assumptions (2.28) enable to define the sign of the quantities P, Q, R defined by (2.20)-(2.22). Namely we have
whereas for the case q 2 = 0, we have
We are now ready to discuss the case q 2 = 0; in this case P = β D = λ 2 q 2 = 0 which implies that the function f defined in (2.23) now becomes
as a consequenceṡ Remark 3. We may conclude by observing that, if in the parameter values we drop the second and the third assumptions in (2.28), then it becomes possible, for the case q 2 = 0, to have Q > 0, and R < 0, maintaining true both ( 2.36), and ( 2.37). In this case, besides (s
, it must exist a nontrivial equilibrium too. We will not discuss this case further.
About the total population.
From (2.19) we know that
If we take into account the case λ 2 >> λ 1 , and γ 2 << λ 2 , we may use the approximation
Because of the monotone convergence of the solutions to the equilibrium, it is not difficult to check that , in all cases,
The eventual explosion of the total population is not a surprise since we have not imposed any saturation (such as a logistic growth), since we may assume that the culture is continuously feeded by nutrients.
Underlying field
Again based on the introductory remarks, one may conjecture that, given constant proliferation rates (λ 1 and λ 2 ), all proportions p i and q j of the elementary processes depend upon some underlying field u, (a biochemical signal) which is produced by the same population of cells
For an updated mathematical model, we introduce the functional response g(S, D) for the production of the underlying field from existing stem cells and non-stem cells, and a decay rate ε of the underlying field itself.
As far as the underlying field u is concerned, we additionally consider the possibility that the response to existing cells may be delayed by a constant delay r ≥ 0, so that the mathematical model finally becomes
We may anticipate here that this extended model may now lead to a much larger variety of dynamical behaviors (see later in the section on simulations), so to stimulate further experiments under various scenarios.
For a simpler handling of the above system, we consider relative amounts, as for the case independent of u. Define
s(t) := S(t) S(t) + D(t) ,
so that s satisfies the equation
u(t)) + Q(u(t))s(t) + R(u(t))s(t)
with
Note that Equation (3.4) depends on p 4 , q 2 and only on the combination (p 3 − (p 2 + p 4 )).
For a technical simplification let us assume that g(S(t), D(t)) = g (

S(t) S(t) + D(t)
) ,
so that we may take g(S(t), D(t)) = g(s(t)) (3.8) with some function g(s).
Based on previous assumptions, if we let r ∈ R + be the constant delay, we take the mathematical model as follows.
for t ≥ 0. complemented by the equation for the total population 12) and subject to suitable initial conditions
Here
About the structure of the system we assume that
(ii) λ i , γ i ∈ R + , i = 1, 2, satisfy the assumptions in (2.28);
Under the assumptions (ii), (iv), (v) we have that
for all u > 0. Furthermore, the assumptions (ii), (iv), (v) also imply that
for all u > 0, that is the signs of P (u), Q(u), and R(u) remain constant for all u > 0.
On the other hand, we wish that the underlying field u has to provide a delayed feedback on the observed percentage level of stem cells; i.e. an increase of s(t − r)) has to imply an increase of u(t) thanks to Equation (3.9). Such an increase of u(t) must imply a decrease of s(t) via Equation (3.10). This can be obtained by imposing the following additional assumption.
3.1. Remarks (P.1) Properties (3.14) and (3.15) ensure that s(t) ∈ (0, 1), for all t > 0.
(P.
2) The positivity of g(s), for all s ∈ (0, 1), implies that u(t) > 0, for all initial conditions u(0) ≥ 0.
(P.3) Since s(t) ∈ (0, 1), for all t > 0, and g(s) is strictly increasing with s, we know that g(s(t)) < g(1),
and therefore, from (3.9) we get
(P.4) Thanks to (P.1)-(P.3) we may claim that the compact set
is a global attractor and a positively invariant set for the solution of system (3.9)-(3.10); moreover any solution staying on the boundary of Ω will eventually enter into the interior of Ω.
The equilibria of system (3.9)-(3.10) are independent of the delay value r, so that we may study the equilibria of the ODE system associated to (3.9)-(3.10) when r = 0, for which the compact set Ω is still an invariant set. By the Poincaré-Bendixon Theorem and the Bendixon Criterion (see e.g. [15] , page 44) applied to the planar flow of the ODE system, we may claim the following. As far as the stability of such an equilibrium is concerned, for the case r = 0 we proceed as follows.
Proposition 4. If in system (3.9)-(3.10) we choose
By defining
the Jacobi matrix of system (3.9)-(3.10) for r = 0 (no delay) at (u * , s * ) is given by
As a consequence of known results, we may then state that necessary and sufficient conditions for the (local) asymptotic stability of the equilibrium (u * , s
Since the equilibrium s * is the smallest root of P (u * ) + Q(u * )s * + R(u * )s * 2 = 0, because of the negativity of Q(u) we obtain
. 
Delay induced Hopf bifurcation.
The problem we are considering in this section is the following one; in the delay equations (3.9)-(3.10) let us choose the delay r as bifurcation parameter. According to Proposition 5, the equilibrium X * = (u * , s * ) T is locally asymptotically stable, that is Reλ < 0, for all the characteristic roots λ of the Jacobi matrix J.
We now investigate the possible occurrence of delay induced stability switches at the equilibrium X * by increasing the delay from the value r = 0.
Let us denote by X(t) = (u(t), s(t))
T , and by
. Accordingly the delay equations (3.9)-(3.10) become
with G(X * ; r) = 0 for all r ≥ 0. As a first step we linearize Equation (3.25); we first translate X * into x * = 0, by the transformation X(t) = X * + x(t), so that Equation (3.25) becomes (3.27) subject to the initial condition ϕ ∈ C; where now F : C → R 2 is the corresponding transform of G such that F (0; r) = 0 for all r ≥ 0.
The linearization of the function F around x = 0 is obtained as (see e.g. [30] , Sect. 4.6)
such that L(r) : C → R 2 is a bounded linear operator, and
It is easy to realize that the linear operator L(r) is such that
and
The characteristic equation associated with the linear operator to be analyzed is thus
Simple computations show that Equation (3.32) can be rewritten as
with coefficients
In the following we apply the Hopf bifurcation Theorem as from [30] (see Theor.4.8. p.55, and references therein) (the solution λ(r) of (3.33) is parameterized in terms of r ≥ 0). , and a non-constant T (ϵ)−periodic function x(t, ϵ), with all functions being continuously differentiable functions in ϵ in a sufficiently small neighborhood of ϵ = 0, such that x ϵ (t) is a solution of (3.27 ) and x ϵ (t) = ϵy ϵ (t) where y 0 is a
Here we omit the question about the stability of the bifurcating periodic solutions. Searching for the value of the delay at which the equilibrium X * switches from asymptotic stability to instability, by an increasing delay, we follow [11] .
The inequalities (3.24), which hold true for all delays r ≥ 0, imply that in the characteristic equation the coefficients must satisfy
(3.37)
Inequalities (3.37) imply that for any delay r ≥ 0 , λ = 0 cannot be a root of (3.33); hence, a stability switch from asymptotic stability to instability can only occur if at some delay value r 0 a pair of simple imaginary roots ±iω, ω ∈ R + , cross the imaginary axis towards C + (i.e. the right hand side of the complex plane C).
According to the Hopf bifurcation Theorem, the stability switch value r 0 too is a bifurcation value of the delay.
Easy computations show that
, then there are no positive real solutions for ω, i.e. the equilibrium (u * , s * ) remains asymptotically stable for all delays r > 0.
(ii) if c 2 − d 2 < 0, then there is one real positive root for ω, say ω + , given by
The pair of characteristic roots λ = ±iω + , ω + ∈ R + cross the imaginary axis according to
i.e. towards C + . The values of the delay at which such a crossing of the imaginary axis occurs are given by
where θ ∈ [0, 2π) is the solution of the following system
Since c + d > 0, the occurrence (or not) of stability switches depends on the sign of
By increasing the delay r, the "stability switch" may only occur at the smallest of the values r n for which the characteristic equation (3.33) It may be of interest to notice that a similar behaviour has been obtained for the dynamical behaviour of a population of stem-nonstem cells in [36] , by admitting a different kind of model for cell-cell communication.
Simulations
In the simulations, as far as the relevant parameters are concerned, we have chosen values in accordance with the usual biological assumptions (2.28), i.e.
As a possible dependence of the parameters p i and q j upon the underlying field u we take the logistic one; we assume
respectively, for a given set of parameters.
In this way the parameter p k (u) may range from p kk p 0 to p kk p, k = 1, 2, 3; similarly the parameter q 1 (u) may range from q 11 q 0 to q 11 q. The specific values of p, p 0 , α p , and q, q 0 , α q , have been arbitrarily chosen for the time being; as for the many free other parameters, they will be the subject of an inverse problem, once reliable data will be available.
The other relevant parameter ε has been chosen so to guarantee the existence of a nontrivial equilibrium (u * , s * ) of the delay differential system (3.9)-(3.10).If we take, as an example, u * = 0.5, from the second equation we get s * = 0.38056; hence
The last element to be assigned is the function g in (3.9); as a very arbitrary choice we have taken g(s) = exp(ws), with w ∈ R + , to be chosen later in order to guarantee a possible Hopf bifurcation.
As a consequence of the above choices,
so that the equilibrium (u * , s * ) is asymptotically stable when r = 0. The condition of stability switch for an increasing delay r becomes
It is therefore sufficient to choose, for example w = 13 ti imply c − d < 0. = 281.5829, and with the parameters chosen as above, we get that, for increasing r, the first stability switch occurs at r 0 given by
In accordance with Theorem 7 (ii), we may expect that, for any delay r < r 0 , we observe damped oscillations, while for r > r 0 sustained oscillations occur. In Figure 5 we have taken r = 1 < 3.093, while in Figure 6 we have taken r = 4 > 3.093. Both numerical simulations confirm our theoretical results.
The delay differential system (3. 
Conclusions
The main motivation of this research was to establish a mathematical model which might explain an intriguing experimental fact, i.e. that the percentage of cancer stem cell population is maintained at the same level during many years, and also, that this percentage starting from around 100 percent in isolated population, rapidly decreases and finally stabilizes at the same characteristic level for this given cell line. To address the question about cancer stem cell population stability, we have proposed a frame ODE model based on a catalogue of possible cell divisions of stem and non-stem cells, and have extended our model so to include an additional variable, as a mathematical formalization of cell-cell communications in terms of a possible physical entity that we call underlying field. Next, as far as the underlying field was concerned, we additionally considered the possibility that a realistic response of this field to existing cells may be delayed by a constant time delay.
An assumption of regulation of tissue structure by an underlying (morphogenetic) field is a crucial point in biology since the concept of "positional information" was suggested by Wolpert (1969) , and the mathematical evidence of this hypothesis is extremely important, especially for problems of pattern formation; indeed in a spatially structured model the proposed underlying signal may carry additional information regarding specific locations in space, thus driving specific behaviors accordingly. The underlying field concept, provided here, allows to give a new insight into the problem of cell-cell communication issue influencing the dynamics of population behavior of stem and non-stem cells. We may note that the description of the behavior of this variable (u) corresponding to the underlying field, which we provide here, may help to elucidate a specific biochemical nature of a substance(s) responsible for such a field formation.
From a mathematical point of view the inclusion of the third variable (u) in the equations describing the dynamics of cell populations, allows a larger variety of possible dynamical behaviors, including the possibility of an oscillatory behavior in the time evolution of stem cells, either with damped or with standing oscillations, as predicted in Zhdanov (2007) too. We wish to notice that the stability of a characteristic percentage level of stem cells in this case can still be proven, but only for sufficiently small delays in the response of the underlying field to modifications in the cells concentrations. Also, our modelling helps to address a very important question in current molecular biology, which is under a hot discussion and is still open: is it possible for cancer non-stem cells under some specific conditions to undergo cell division producing cancer stem cells? All experiments reporting this possibility, were considered to be proved not well enough, or to be doubted due to the specific details of stem cells markers used for these investigations.
Here we have shown a set of realistic assumptions on the parameters under which the stability of cancer stem cells population level is possible only provided q 2 > 0 (meaning the process of nonstem to stem cell transition ). This may be considered as an additional tool for experimentalists for solving this question. It is very important to note that a significant advantage of the presented model is that theoretically it may be applicable to any cell population dynamics driven by stem cells. It comes from the already mentioned fact that the two main characteristics, which we put as a basic ones for our modelling, are the same for both normal and cancer stem cells; namely asymmetric divisions with relatively slow rate for stem cells, versus symmetric divisions with relatively quick rate for non-stem cells; and the tendency of maintaining the proper percentage of stem cells in the whole tissue (culture). Thus, generally speaking, our mathematical model, describing the main features of the "instructive signals" maintaining the proper pattern of a system, can be applicable also to normal stem cells population behavior. For this (normal) cases "non-stem cells" in our model should be understood as differentiated cells of normal tissues. However, due to the fact that the experimental observations on which we based our model, were obtained on cancer cell cultures (because non-stem cells cannot be cultivated in cell cultures without losing their properties), we have to be accurate to consider a cancer stem cells behavior as the central problem of the paper. This explains our main emphasis on the modelling of cancer stem cell population behavior. In conclusion, we may say that available experimental data at the moment are not decisive to validate this or that model, but seem to be in contrast with simple models which do not include communication among cells. On the other hand, existing experimental knowledge has suggested the model that we present here; our hope is that in turn our model may suggest new experiments to validate the assumptions on which we have based the model itself. As a matter of example, a crucial experiment would be to validate the existence of an oscillatory behavior in the time evolution of stem cells, either with damped or with standing oscillations.
